Mixing of complex fluids at low Reynolds number is fundamental for a broad range of applications, including materials assembly, microfluidics, and biomedical devices. Of these materials, yield stress fluids (and gels) pose the most significant challenges, especially when they must be mixed in low volumes over short timescales. New scaling relationships between mixer dimensions and operating conditions are derived and experimentally verified to create a framework for designing active microfluidic mixers that can efficiently homogenize a wide range of complex fluids. Active mixing printheads are then designed and implemented for multimaterial 3D printing of viscoelastic inks with programmable control of local composition. microfluidic mixing | yield stress fluids | 3D printing | graded materials M ixing at low Reynolds number is important for many processes (1, 2) from bioassays (3) and medical analysis (4), to materials synthesis (5) and patterning (6). Microfluidic devices that passively mix small fluid volumes (7-9) via chaotic advection or secondary flows have been implemented for many targeted applications (10-12). Passive mixers are simple and operate with no moving parts, but their mixing efficiency is strongly coupled to flow rate and geometry. Moreover, they are typically suited only for low-viscosity fluids containing diffusive species, such as colloidal particles (13). Whereas elastic instabilities have been shown to drive mixing of weakly viscoelastic polymer solutions in microfluidic devices (14), there is growing interest in continuous mixing of strongly viscoelastic materials, i.e., yield stress fluids, in microchannels, which until now has only been demonstrated at the macroscale (15, 16). The ability to uniformly and rapidly mix such liquids at the microscale would open new avenues for myriad applications, including additive manufacturing (17, 18). For example, concentrated viscoelastic inks are patterned by direct ink writing, an extrusion-based 3D printing method (19). To date, this flexible printing method has been used to create ceramic (20, 21), polymeric (22), metallic (23), and composite (24) architectures as well as vascularized tissues (25). In each case, the ink composition remains constant during the printing process. The ability to create more complex architectures with local compositional gradients is cumbersome at best, requiring a coordinated printpath between multiple individually addressable printheads--each of which contains a different ink (25).
Mixing of complex fluids at low Reynolds number is fundamental for a broad range of applications, including materials assembly, microfluidics, and biomedical devices. Of these materials, yield stress fluids (and gels) pose the most significant challenges, especially when they must be mixed in low volumes over short timescales. New scaling relationships between mixer dimensions and operating conditions are derived and experimentally verified to create a framework for designing active microfluidic mixers that can efficiently homogenize a wide range of complex fluids. Active mixing printheads are then designed and implemented for multimaterial 3D printing of viscoelastic inks with programmable control of local composition.
microfluidic mixing | yield stress fluids | 3D printing | graded materials M ixing at low Reynolds number is important for many processes (1, 2) from bioassays (3) and medical analysis (4) , to materials synthesis (5) and patterning (6) . Microfluidic devices that passively mix small fluid volumes (7-9) via chaotic advection or secondary flows have been implemented for many targeted applications (10) (11) (12) . Passive mixers are simple and operate with no moving parts, but their mixing efficiency is strongly coupled to flow rate and geometry. Moreover, they are typically suited only for low-viscosity fluids containing diffusive species, such as colloidal particles (13) . Whereas elastic instabilities have been shown to drive mixing of weakly viscoelastic polymer solutions in microfluidic devices (14) , there is growing interest in continuous mixing of strongly viscoelastic materials, i.e., yield stress fluids, in microchannels, which until now has only been demonstrated at the macroscale (15, 16) . The ability to uniformly and rapidly mix such liquids at the microscale would open new avenues for myriad applications, including additive manufacturing (17, 18) . For example, concentrated viscoelastic inks are patterned by direct ink writing, an extrusion-based 3D printing method (19) . To date, this flexible printing method has been used to create ceramic (20, 21) , polymeric (22) , metallic (23) , and composite (24) architectures as well as vascularized tissues (25) . In each case, the ink composition remains constant during the printing process. The ability to create more complex architectures with local compositional gradients is cumbersome at best, requiring a coordinated printpath between multiple individually addressable printheads--each of which contains a different ink (25) .
To overcome this challenge, we design, characterize, and exploit the mixing efficiency of an active mixer that homogenizes multiple materials at the microscale. To understand the relative advantages of active mixing, we derive and experimentally validate scaling relationships that are consistent with existing theory for passive mixers (10) . To our knowledge, this is the first quantitative explanation of the mechanism by which an active microfluidic mixer decouples the intensity of the chaotic advection from the flow rate. This unique feature enables viscoelastic materials to be mixed over a wide range of flow rates on short timescales in microliter volumes. Finally, we demonstrate the versatility of the active mixer to achieve "on-the-fly" local control of material composition and properties via multimaterial 3D printing.
Active and Passive Mixing in Microfluidic Devices
To compare mixing approaches, we begin with the simplest case: Newtonian fluids and Brownian particles. To mix these fluids, the minimum residence timescale t res of a fluid element in the mixer must exceed the time t mix required for the species to diffuse over a characteristic distance set by the flow dynamics within the mixer. In a prototypical Y-junction (smooth-wall) passive mixer, two streams converge into a single rectilinear channel of length ℓ and hydraulic diameter d. Hence, t res ∼ ℓd 2 =Q, where Q is the net volumetric flow rate through the device, and t mix ∼ d 2 =D, where D is the diffusion coefficient of the particles. Efficient mixing requires that ℓ=d J Pe, where the Péclet number is defined as Pe ≡ Q=dD. For typical conditions of Q ∼ 0.01 mL=s, d ∼ 100 μm, D ∼ 100 μm 2 =s, and Pe = 10 6 , a prohibitively long microchannel (ℓ ∼ 100 m) is required to achieve efficient mixing. To reduce this mixing length for a fixed Pe, it is necessary to enhance the interdigitation between streamlines of the two materials. Interdigitation can be achieved by multilamellar mixers (2) with 2N layers (Fig. 1A) , for which
Alternatively, in a grooved-wall passive mixer (Fig. 1A) , interdigitation is achieved by chaotic advection induced by obstructions to the flow, for which the effective mixing distance is d eff ∼ d=2 n , where n is proportional to the number of grooves with spacing λ on the walls of the mixer. The mixing timescale is therefore t mix ∼ d 2 eff =D, and it can be shown that (10)
Hence, interdigitation and chaotic advection, shown schematically in Fig. 1B , can dramatically reduce mixing length for low viscosity fluids (e.g., aqueous solutions). More sophisticated analyses (26) (27) (28) show that in the final stages of the homogenization process ℓ=d J Pe 1=4 due to wall effects, but because our subsequent analysis is intended to be only of leading order, the use of the Ranz model in deriving the mixing timescale is appropriate (29) . In both cases, chaotic advection yields a sublinear scaling between channel length and flow rate. However, a major drawback of passive mixers is that streamwise interdigitation is
Significance
The ability to continuously mix complex fluids at the microscale depends on their flow rate, rheology, and mixing rate. New scaling relationships between mixer dimensions and operating conditions are derived and experimentally verified to create a framework for designing active microfluidic mixers that can efficiently homogenize a wide range of materials. Based on this understanding, active mixing printheads are designed and implemented for multimaterial printing of 3D architectures whose local composition and properties can be programmably tailored.
controlled only by the geometry and flow rate; hence, for highly viscous liquids (low D, high Pe), very long channels (ℓ=d 1) are required, leading to prohibitively large pressure drops (Eq. S1 and Fig. S1 ).
A more effective device is an active mixer (30) , which controls the interdigitation and shear rate independently from the operating flow rate and channel geometry, thereby minimizing volume, mixing time, and pressure drop. A prototypical impellerbased active mixer has length ℓ, characteristic diameter d, outlet diameter a n , and impeller diameter Δ rotating at angular velocity Ω (Fig. 1A) . To convey the idea that passive and active mixers can be constructed from the same constituent channel geometry, the variables ℓ and d are used interchangeably for both mixer types. The residence time is t res ∼ ℓðd 2 − Δ 2 Þ=Q and the fluid travels through a narrow gap δ = 1=2ðd − ΔÞ ∼ 100 μm. The effective diffusion distance is given by d eff ∼ d=m, where m ∼ Ωt res is proportional to the number of revolutions completed by the impeller while a fluid element resides in the mixer. By equating the two timescales, it can be shown that
where the dimensionless rotation rate isΩ ≡ ℓdΩ=D and
If the impeller is grooved and induces chaotic advection within the mixer, then the effective diffusion length is d eff ∼ d=2 m , in which case
Unlike the passive mixing equations, Eqs. 3 and 4 contain the third independent parameterΩ that controls the level of interdigitation between the inlet fluid streams (Fig. 1B) , which is the key new attribute in the scaling analysis of the active mixer. A simple framework can be developed using Eqs. 1-4 to compare the mixing efficiency of each mixer (Fig. 1C) . The boundaries between regimes of good and poor mixing lie to the left and right, respectively, of a given contour. For a given nozzle diameter, a low ℓ=d is preferable to reduce its "dead" volume, thereby enabling rapid switching between different material compositions. Likewise, for a fixed nozzle volume and flow rate, a low aspect ratio is desirable to reduce the pressure drop across the nozzle (SI Text and Fig. S1 ). We find that only an active mixer (Fig. 2) operating at sufficiently high impeller speeds is capable of mixing at low ℓ=d and high Pe.
Mixing Newtonian Fluids
The ability of the modeling framework given by Eq. 4 to capture the mixing of Brownian particles over more than five orders of Péclet number is clearly demonstrated in Table S1 ). A dyed and undyed stream of the same fluid are mixed at equal flow rates [i.e., Q dyed = Q undyed = ð1=2ÞQ], and the concentration distribution in the cross-section of the nozzle outlet is imaged. The extent of mixing for Brownian particles is quantified by index « B ≡ 1 − c v =c v,max , where c v is the coefficient of variation of the image intensity (c v → 0 with increasing homogenization), which has been previously used in mixing studies in microchannels (10, 13, 31) , and c v,max is the maximum coefficient of variation for the unmixed fluid.
Whereas mixing in the passive mixer is governed solely by Pe (Fig. S2) , the mixing process in the active chaotic mixer can be controlled by varying the dimensionless impeller speedΩ according to the rewritten form of Eq. 4:
Hence, for a constant value of ℓ=d, the mixing efficiency in the active mixer is controlled by two independent parameters (Ω, Pe), Representative images of the nozzle cross-section for good ( Fig. 3 A, a) and poor ( Fig. 3 A, c) mixing are also shown. The boundary between these two regimes is delineated by the black curve given byΩ c = Peðln Pe − lnðαℓ=dÞÞ=α, which lies approximately along the « B -isocontour at which a distinct interface between dyed and undyed streams could not be easily identified ( Fig. 3 A, b ). The precise value of the proportionality coefficient (taken as unity here) is empirically determined for the particular active mixer used and is not expected to be universal for all active mixing systems. Additionally, fluid inertial effects may affect the mixing in water because Re K 850, but those are negligible for all other fluids investigated because Re K 10. Nevertheless, this result clearly validates the applicability of the derivation of Eqs. 4 and 5 for active mixing of Newtonian liquids.
Mixing Yield Stress Fluids
The rheological behavior of a yield stress material is described by the Herschel-Bulkley (HB) model (32) , τ = ηð_ γÞ_ γ = τ y + K _ γ b , with yield stress τ y , consistency index K, and power-law exponent b (Table S1 and Fig. S3 ). At low Reynolds number Re = ρUd=ηð_ γÞ, with density ρ, velocity U = 4Q=πd 2 , and viscosity given by ηð_ γÞ = μ (Newtonian fluid) or the HB model (yield stress fluid) evaluated at a characteristic shear rate through the nozzle _ γ, the relative importance of the yield stress is given by the Bingham number Bi = τ y =ηð_ γÞ_ γ. For a passive mixer _ γ = U=d. At low shear rates (Bi → 1) the majority of the material moves through the nozzle as a solid plug, inhibiting convective mixing. At higher shear rates (Bi → 0) viscous stresses fluidize the material, facilitating mixing caused by chaotic motion. Accordingly, passive mixing of yield stress materials is restricted by two competing constraints: low Pe (low Q, sufficient mixing time), but Bi 1 (high Q, sufficient fluidization). Conversely, in the active mixer, the rapid motion of the impeller induces a shear rate _ γ = ΔΩ=δ in the gap, and thus the extent of fluidization, given by the value of Bi can be controlled independently from the flow rate, thereby enabling efficient mixing of yield stress materials.
To determine the effectiveness of active mixing, two yield stress materials, a carbopol lubricant gel and an aqueous surfactant solution of Pluronic F-127 (Table S1 ), are studied (Fig. 3B ). These fluids cannot be homogenized via passive mixing (Fig. S2) over reasonable distances (<15 mm) or timescales (0.5-30 s). However, the fluids can be efficiently mixed using the active mixer, for which the transition from uniform ( Fig. 3 B, d ) to poor ( Fig. 3 B, f) mixing occurs at the boundary ( Fig. 3 B, e) also spanned bỹ Ω c = Peðln Pe − lnðαℓ=dÞÞ=α. The value of Bi for the lubricant gel ranges between 0.03 ≤ Bi ≤ 1 and for Pluronic 0.19 ≤ Bi ≤ 1, hence at the highest rotation rates these materials are thoroughly fluidized. The similarity in the location of the boundary between mixing regimes for both the Newtonian (Fig. 3A ) and yield stress (Fig. 3B ) fluids also suggests that the materials are sufficiently fluidized so that the precise value of Bi does not strongly affect the mixing efficiency of the active mixer, and the scaling relationship in Eq. 4 can be successfully applied to a wide range of fluids.
The active mixer can also mix liquids that contain large fillers, such as pigments or fibers (24) , for which thermal motion is negligible (Methods). Because these species cannot diffusively mix, uniform homogenization occurs only if the final length scale of interdigitation between the incoming streams approaches that of the particle size a ∼ d=2 m . Following similar reasoning used to derive Eq. 4, the ratio of the impeller speed to flow rate must be
When mixing large fillers (i.e., non-Brownian particles), the minimum impeller speed scales linearly with flow rate, or equivalently a minimum critical number of impeller revolutions within the residence time of the mixer is required for efficient mixing.
To further demonstrate active mixing, two streams of siliconebased inks are homogenized, one that is particle-free and the other laden with a = 6-μm fluorescent polystyrene particles. Representative optical images of the particles in poorly-, moderately-, and well-mixed filaments are shown in Fig. 4 . The concentration is selected to ensure nearly all particles within the filament are clearly visible. To quantify mixing efficiency, the Shannon entropy index (33) of the particle distributions across the filament width s f is measured under fluorescence microscopy to calculate the normalized mixing index for non-Brownian particles defined by
The entropy of a hypothetically perfectly mixed filament is s m , and the entropy of a completely unmixed filament is s u , for which particles are present in only half the filament width (Methods). The entropy index (Fig. 4) follows a sigmoidal profile with mixing ratio between the limits of poor and good mixing, as illustrated by the black curve, which has been added to guide the eye. Above a critical value of the mixing ratio ℓd 2 Ω=Q J 100, « nB reaches a plateau indicating uniform particle dispersion in the filament. This result is in agreement with the proposed scaling relationship in Eq. 6, indicating that the threshold for thorough mixing is given by ℓd 2 Ω=Q ∼ 3lnðd=d p Þ=α, or ∼16 revolutions per residence time are required.
Active Mixing Printheads for Multimaterial 3D Printing
With this mixing capability in hand, we created a microfluidic printhead that enables 3D printing of multimaterial architectures via on-the-fly active mixing of concentrated viscoelastic inks. The ability to locally vary the composition and properties of 3D printed structures would open new avenues to creating flexible electronics, sensors, soft robots (34), structural composites (24) , and vascularized tissue constructs with controlled chemical gradients (25, 35, 36) . As a first demonstration, we printed a siliconebased elastomeric ink in which the concentration of a fluorescent pigment is continuously and discretely changed during printing ( Fig. 5A) . A continuously varying compositional gradient is created, as denoted visually via a color gradient, by printing a given amount of material at five different monotonically varying flow rate ratios of clear and fluorescent ink without any purging step (Fig. 5A, Top) . Conversely, discrete changes in fluorescence are achieved by purging the nozzle after changing to a new flow rate ratio. This latter approach is used to produce the structures in Fig.  5A (Bottom) , for which the material transitions incrementally from brightly fluorescent to clear in eight sequentially decreasing ratios of fluorescent to clear ink as printing progresses. The color uniformity in all eight segments clearly demonstrates that the impeller-based active mixing printheads are capable of homogenizing these model viscoelastic inks.
As a second demonstration, we printed chemically reactive materials that are typically challenging to pattern due to their rapid changes in rheological properties over time. By using an active mixing printhead, we can overcome such kinetic constraints, provided the timescale of mixing is much faster than the characteristic reaction time of the ink. For example, a two-part epoxy (20:80 vol % curing agent:resin with a pot-life of 45 min, Fig. S4 ) is used to print the 3D honeycomb structure (24) shown in Fig. 5B . Under the printing conditions used, the residence time within the active mixing nozzle is 30 s, which ensures their patterning over far longer periods than their pot-life, if necessary. Furthermore, this mixer design reduces the amount of wasted material by requiring only the volume of material necessary for the structure to be mixed (i.e., the mixer volume).
As a final demonstration, we use the mixing printhead to tailor the functionality of the 3D printed structures on-the-fly. For example, the electrical resistivity of a printed structure is continuously controlled over nearly five orders of magnitude (Fig.  5C ) by varying the ratio of two streams of highly conductive silver nanoparticle (37, 38) (bulk resistivity 5 × 10 −4 ohm·cm) and carbon colloidal inks (bulk resistivity 10 ohm·cm). The printed traces are integrated into an electrical circuit to which a constant voltage (2.55 V) is applied and the resultant illumination intensity of a light-emitting diode (LED) connected in series with a trace is observed to visualize the electrical resistance of each mixing ratio. The ability to dynamically control the electrical resistance of a printed feature opens new opportunities for embedding electrical circuitry within 3D printed objects.
Conclusion
We have described a rational framework for designing microfluidic active mixers using a rotating impeller that is consistent with past scaling analyses for passive mixers. We have also demonstrated mixing of a wide range of yield stress fluids in active microfluidic mixers with a gap size on the order of hundreds of micrometers. The key attribute of this active mixing approach is to decouple the mixing intensity from the flow rate and the volume of the mixer. Although we have specifically highlighted its utility for multimaterial 3D printing, our design and operating criteria for active microfluidic mixers should be broadly applicable for mixing complex fluids at the microscale. 2 Ω=Q for four different flow rates. The solid black curve is added only to guide the eye. Three example particle distributions in the printed filament corresponding to different mixing ratios are shown. The red dots have been added to indicate the position of each tracer particle in the filament. The failure of « nB to attain precisely its expected asymptotic values of zero (perfectly unmixed) and one (perfectly mixed) at, respectively, low and high dimensionless rotation speeds may arise from the low particle density in the filament, which may prevent statistical convergence. The yield stress behavior of this ink is clearly illustrated by its shape retention when inverted in a vial.
Methods
Fluid Preparation. The water:glycerol [20:80 wt %] mixture is prepared from deionized water and glycerol (Macron). The aqueous polymer lubricant (Klein Tools) is obtained commercially, and the Pluronic solution is prepared by dissolving 30 wt % Pluronic F-127 (Sigma-Aldrich) in deionized water at 4°C for 48 h. A red molecular tracer dye (IFWB-C7, Risk Reactor) is added to each fluid at 1 μL/g. To measure the mixing of non-Brownian particles, 6-μm polystyrene tracer particles (Fluoro-Max, Thermo Scientific) at 0.04 wt % are added to polydimethylsiloxane (SE 1700, Dow Corning).
To demonstrate 3D printing with variable color, a stream of clear and fluorescent (3-μL/g DFSB-C175 orange, Risk Reactor) 10:1 resin:curing agent SE 1700 are mixed. The resin of the two-part epoxy used to print honeycomb structures is composed of 87 wt % EPON 828 (Momentive), 9 wt% TS-720 fumed silica (Cabot), 4 wt% blue epoxy pigment (System 3). The curing agent is composed of 90 wt% Epikure 3234 (Momentive) 10 wt % TS-720 fumed silica (Cabot).
The preparation of the silver ink is described elsewhere (37) . The carbon ink is prepared from conductive carbon black powder (Cabot Mogul-L), which is dispersed in water (1 wt %) via sonication and sodium hydroxide is added to attain pH = 9. This dispersion is gradually added to a 3 wt % aqueous hydroxyethyl cellulose (HEC) solution, which is homogenized by a planetary mixer (Thinky) and partially dried under vacuum. The process is sequentially performed to reach a 2:1 HEC:carbon ratio by weight. Each trace is printed onto an electrically insulated substrate, and the resistance of 10 mm × 1 mm × 10 μm sections is measured using a four-point probe.
Fluid Rheology. The viscosity of each test fluid is measured with a rotational rheometer (AR2000ex, TA Instruments) at 22°C. At shear rates above _ γ J 1 s −1 , material is ejected from the gap due to edge fracture (39) preventing reliable measurements at higher shear rates. Alternatively, a custom capillary rheometer is used to measure the viscosity at shear rates 1 K _ γ K 1,000 s −1 . This system consists of a syringe pump (PHD Ultra, Harvard Apparatus), 1.0-mL glass Luer lock syringe (Hamilton Gastight), a diaphragm pressure transducer (PX44E0-1KGI, Omega Engineering), and disposable Luer lock needle tips (Norsdon EFD). The pressure drop across the capillary tips is measured over a range of flow rates. The Bagely correction (40) and the WeissenbergRabinowitsch correction (40) are applied to determine the resultant flow curves shown in Fig. S3 .
Measurement of Diffusion Coefficients. The molecular diffusion coefficient of the IFWB-C7 dye (rhodamine-WT, absorption/emission: 550/588 nm, Risk Reactor) is measured in the aqueous solutions using a custom Y-type rectilinear capillary channel with inner dimensions h × w = 900 × 900 μm (Vitrocom). The channel is submerged in immersion oil (n = 1.48, type FF, Cargille) to minimize refraction, illuminated with a mercury lamp (local emission peak at 546 nm) and visualized through a tetramethylrhodamine (TRITC) filter cube (peak transmittance 580-630 nm) using a QColor 5 camera (Olympus) and a 10× objective on an inverted epifluorescence microscope (Olympus IX71). Calibration measurements are taken to relate dye concentration to emitted light intensity at each pixel to account for spatial variations in the illumination intensity. In each measurement, the dyed and undyed fluids are pumped at equal flow rates into the channel. Once a sharp interface between the two streams stabilizes at the channel midplane, the pumping is stopped and the subsequent evolution of the concentration profile across the channel width is recorded at 1 cm downstream from the Y junction.
The evolution equation for the concentration Cðx, tÞ across the channel is
where x is the spatial coordinate, t is time, and D is the molecular diffusion coefficient. The initial condition for the experiments in the capillary channel is Cðx, 0Þ = C 0 HðxÞ, where C 0 is the initial concentration in the first stream and HðxÞ is the Heaviside function. There are no flux boundary conditions at both walls, ∂C=∂x = 0 at x = ±w=2. The concentration profile is given by
Cðx, tÞ
The value of D is determined from the average of multiple fits of Eq. 10 to the measured concentration profiles at multiple positions along the channel width (x=w = ±1=3, ±1=4, and ± 1=5). An example concentration profile is shown in Fig. S5 . For this study, a particle is considered Brownian if the ratio of thermal stresses acting on a particle to viscous stresses in the Newtonian fluids or the yield stress of the ink (Λ 1 ≡ k B Td=μUa 3 , and Λ 2 ≡ k B T=a 3 τ y , respectively) far exceeds unity, where k B is the Boltzmann constant, T is the absolute temperature, μ is the fluid viscosity, d p is the particle diameter, and τ y is the yield stress. Measurements of the dye diffusion coefficient (Fig. S5) indicate that 
3 Þ and Λ 2 ∼ Oð10 4 Þ, which confirm the dominance of thermal forces on the dye molecules. Conversely, for the a = 6-μm fluorescent particles, Λ 2 ∼ Oð10 −8 Þ 1 and hence the particles are non-Brownian.
Nozzle Manufacture. The active mixer is fabricated by gluing two 1.54-mmdiameter (gauge 14, Nordsen EFD) needle tips into a threaded plastic male Luer lock connector. The connector is attached to a poly(methyl methacrylate) block mounted to the nozzle superstructure. The impeller is made from a Δ = 2.7-mm-diameter reamer (Alvord-Polk Tools) that is ground down to fit within the nozzle volume. Notches are added to one of the impellers to enhance mixing. A stepper motor drives the impeller shaft, which is sealed using an O-ring. A second active mixer using metal Luer lock components is fabricated to tolerate the higher pressures necessary for the two-part epoxy. The overall dimensions of this mixing nozzle are ℓ = 30 mm and d = 3 mm. The mixer volume with the disposable nozzle tip is ∼150 μL. Hence for a nozzle with tip diameter a = 500 μm, at least 760 mm of printed material is required to purge the mixer. The distributions of non-Brownian fluorescent particles in the printed SE 1700 filaments are measured with a 10× objective on an inverted epifluorescence microscope (Olympus IX71) using a QColor 5 camera (Olympus). A MATLAB script written by the authors is used to determine the Shannon entropy index (33) of the particles s i = P k j=1 Pðx j ÞlnPðx j Þ, where Pðx j Þ is the probability of finding a particle in the jth bin for the probability density function with k bins. Each bin corresponds to 20-μm sections of the printed filament. Referring to Eq. 7, the measured entropy of the printed filament is s f . The entropy of a hypothetically perfectly mixed filament is s m , for which particles are uniformly distributed, hence Pðx j Þ = k −1 . The entropy of a completely unmixed filament is s u , for which particles are uniformly present in only half the filament width, so Pðx j Þ = 0 for j ≤ ð1=2Þk and Pðx j Þ = 2k −1 for j > ð1=2Þk.
Printing and Mixing Control. The nozzle is fixed in the laboratory frame and held by a superstructure and substrate motion is controlled by a high-precision XYZ gantry (Aerotech, Inc.). The inks are contained in 3-, 5-, or 10-mL plastic syringes (Becton Dickinson) and driven by two opposed syringe pumps (PHD Ultra, Harvard Apparatus) that are controlled directly by the NView HMI software (Aerotech, Inc.). In calibration tests, the streams are mixed in equal portion, but for the example applications, homogenization is required at ratios as large as 9:1, whose effect on mixing quality has not been thoroughly characterized. Hence, to ensure full mixing according to Eq. 6, low flow rates (Q ≤ 0.3 mL/min) and nearly the maximum achievable impeller speed (Ω = 25 rad/s, 240 rpm) are selected to ensure a large mixing ratio ℓd 2 Ω=Q ≥ 1,350. Furthermore, multiple notches are added along the length of the impeller (Fig. S6 ) to add rotational asymmetry to the impeller and thereby enhance mixing (15) .
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The passive mixers are machined from two poly(methyl methacrylate) (PMMA) polymer blocks using a CNC-mill (8540, Sherline Products Inc.). The grooves are milled with a 200-μm end mill (Ultra-Tool International), whereas all larger features are milled with a 3-mm end mill. Luer lock connectors are added to each block. A 480-μm-thick plastic (PETG) shim stock (Artus Corp.) is machined and used as a spacer between the two PMMA blocks, which are bolted together to ensure a tight seal. An optical image of one of the passive mixers used in this study is shown in Fig. S6 along with expanded views of the walls of the passive mixer. For both designs, the channel dimensions are ℓ = 15 mm and d = 500 μm. In the grooved-wall mixer, the spacing between 120-μm-wide grooves positioned 45°relative to the primary direction of flow is λ = 200 μm. The net volume of the mixing chamber is 3.6 μL, and thus the mixer can be purged (to change extrudate composition) in ∼15 mm of printed material.
The concentration distributions of the dye in the passive mixers are shown by the color images of the nozzle cross-section in Fig. S2 on a phase space spanned by the Bingham and Péclet numbers. Measurements of Newtonian fluids lie on the abscissa (Bi = 0). For water, Re K 670, indicating that inertially driven secondary flows may affect the mixing at the highest flow rates. However, for all other fluids Re K 10, so inertial instabilities are negligible.
The mixing efficiency « B for the smooth-wall passive mixer (SWPM), in which mixing occurred due to molecular diffusion alone, is plotted in Fig. S2A . Consequently, Pe is the definitive parameter governing mixing efficiency, which is relatively independent of Bi. Referring to Eq. 1, the transition from the regime of good mixing (solid symbols, Fig. S2 A, a and b) to poor mixing (hollow symbols, Fig. S2 A, c and d) is expected at flow rates corresponding to a critical Péclet number of order Pe c ∼ ℓ=d ∼ Oð10 2 Þ for this mixer, which is apparent for all fluids. Poor mixing conditions correspond to images in which a sharp interface between dyed and undyed streams can be visually observed. The absolute « B -value of this delineator is arbitrary, but its use is intended to convey clearly the inability of the SWPM to achieve mixing at higher flow rates.
The plot of « B from the grooved-wall passive mixer (GWPM) is shown in Fig. S2B . The grooves clearly affect the qualitative features of the dye homogenization for Newtonian fluids (Fig. S2  B, h ). For the non-Newtonian inks, the grooves have less of an effect on the advective motion in the unyielded inner core of the fluid, particularly for Bi > 0.1 (Fig. S2 B, g ), resulting in relatively unmixed streams. For Bi < 0.1, the interface is still distinct, however it is typically warped from its initial horizontal orientation due to cross-stream motion in the yielded material near the walls (Fig. S2 B, f) . Also, at all values of Pe, the values of « B in the GWPM are higher than the corresponding value for the SWPM, generally indicating better mixing in the GWPM for the same flow rate. Furthermore, the boundary between good (Fig.  S2 B, e) and poor (Fig. S2 B, f-h ) mixing is moved to a higher transition Pe c ∼ Oð10 3 Þ. At flow rates higher than this threshold, the « B -values decrease, indicating poorer mixing.
Although more optimal groove shape and spacing can be incorporated into the GWPM, paradoxically, for a passive mixer to homogenize yield stress materials, low Pe (low Q, sufficient mixing time) and Bi 1 (high Q, sufficient fluidization) are required. Changes to the channel dimensions to satisfy this constraint, however, are likely to come at the cost of increased pressure drop across the mixer. For the flow of a Newtonian fluid through a mixer, which is analogous to flow through an annulus (41) of inner diameter Δ and outer diameter d, the channel dimensions, flow rate, and pressure are related by
where P ≡ πΔPQ 2 =128μD 3 , ΔP is the pressure drop, μ is the fluid viscosity, and β ≡ 1 − ðΔ 4 =d 4 Þ − ðð1 − Δ 2 =d 2 Þ=lnðd=ΔÞÞ (for the passive mixers β = 1). Accordingly, for a maximum operating pressure drop and target flow rate, the aspect ratio of the mixer must be reduced to increase the maximum attainable Pe. This result is exactly counter to the constraints on the aspect ratio of the passive mixer to attain good mixing at increasing Pe according to Eqs. 1 and 2. These results have been summarized in Fig.  S1 . Hence these fundamental constraints on the pressure drop and operating values of Bi and Pe for a large range of ink materials can only be overcome by an active mixing system. Fig. S1 . Operating map for mixing nozzles accounting for the accessible range of flow rates for a given maximum pressure drop (based on properties for glycerol in Table S1 and assuming ΔP max = 10 5 Pa, set Q = 1 mL/min and Δ=d = 0. 9). (A) Accessible regime, (B) accessible only for the passive mixers, (C) inaccessible regime. The boundaries between regimes of good and poor mixing are given by the dashed curves for the passive mixers and solid curves corresponding to constant dimensionless impeller speeds with the active mixer. The curves for the active mixer have been calculated with α = 0.19 and β = 0.0013. Table S1 . Fig. S4 . Evolution of the storage G' and loss G'' moduli with time after mixing at 22°C, as measured using a 25-mm plate-plate geometry on an AR2000ex (TA Instruments) at frequency ω = 10 rad/s and strain amplitude γ 0 = 0.2%. The measured pot-life of the epoxy is 45 min, which is the point at which the loss modulus is double its initial value as indicated by the arrow. 
